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Abstract: In this paper, we study some aspects of homomorphism of fuzzy bigroup using
the concept of restricted fuzzy bigroup we introduced in [1]. We define weakly fuzzy bigroup
homomorphism and study its properties. We also give the fuzzy bigroup equivalent concepts
of I, II, III, IV - fuzzy group homomorphisms and study the relationship between I and II
fuzzy bigroup homomorphisms.
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§1. Introduction
There are several different fuzzy approaches to homomorphisms existing in literature concerning
fuzzy algebra generally and fuzzy groups in particular. Beˇlohla`vek and Vychodil [2] studied
ordinary homomorphisms of algebras which are compatible with fuzzy equalities. Jelana et
al [4] studied fuzzy homomorphisms of algebras. The study of fuzzy homomorphism between
two groups was initiated by Chakrabonty and Khare [3]. The concept was further studied by
Suc-Yun Li et. al. [9]. Many other researchers have also studied different aspects of fuzzy
group homomorphisms. See for instance [13] The notion of bigroup was first introduced by
P.L.Maggu [5]. This idea was futher studied by Vasantha and Meiyappan [11]. These authors
gave modifications of some results earlier proved by Maggu. Meiyappan [6,10] introduced fuzzy
bigroup of a bigroup and studied some of its properties. Akinola and Agboola [1] also studied
further properties of fuzzy bigroup.
In this paper, using the concept of restricted fuzzy bigroup we introduced in [1], We define
weakly fuzzy bigroup homomorphism and study its properties. We also define the concept of
I, II, III, IV - fuzzy bigroup homomorphisms and study the relationships between I- fuzzy
bigroup homomorphism and II- fuzzy bigroup homomorphism.
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§2. Preliminary Results
Definition 2.1([13]) Let G and G
′
be two groups, and let λ and µ be separately fuzzy subgroups
of G and G
′
. If there exists a mapping φ : G→ G′ ; f : λ(G)→ µ(G′) satisfying:
(i) G
φ∼ G′;
(ii) f(λ(xy)) = µ(φ(x)φ(y)) for any x, y ∈ G;
then λ and µ are said to be weakly homomorphic, and it is denoted as λ
( φ,f∼ )µ.
Definition 2.2([12]) Let X be non empty set. A fuzzy subset µ in the set X has the sup
property if for any subset A of the set X there exists x0 ∈ A such that
µ(x0) = sup{µ(x) : x ∈ A}.
Definition 2.2 is applicable for a group G and a fuzzy subgroup µ of G.
Definition 2.3([9]) Let η be a homomorphism (isomorphism) from G onto G
′
. λ and µ are
separately fuzzy subgroups of G and G
′
. If µ = η(λ), then we say λ and µ are I−homomorphic
(isomorphic).
Definition 2.4([9]) Let λ and µ be fuzzy subgroups of G and G
′
. If for any α ∈ [0, 1], λα ∼
µα (λα ∼= µα), then we say λ and µ are II-homomorphic(isomorphic).
Definition 2.5([9]) Let θ be a homomorphism from G onto G
′
. λ and µ are separate fuzzy
subgroups of G and G
′
. If f : λ(G) → µ(G′ ) is such that f(λ(x)) = µ(θ(x)), then we say λ
and µ are III-homomorphic. If θ is an isomorphism and f is a monomorphism we call λ and
µ III-isomorphic.
Definition 2.6([9]) Let λ and µ be fuzzy subgroups of G and G
′
. Then λ and µ are said to be
IV−homomorphic(isomorphic) if:
(i) for any λα, α ∈ [0, 1], there exists at least one µβ such that λα ∼ µβ (λα ∼= µβ) and
for any λγ ⊇ λα there exists µδ ⊇ µβ (λα ∼= µβ) such that λγ ∼ µβ;
(ii) for any µβ , β ∈ [0, 1] there exists at least one λα such that λγ ∼ µβ (λγ ∼= µβ), and
for any µδ ⊇ µβ, there is a λγ ⊇ λα, such that λγ ∼ µβ(λγ ∼= µβ).
Proposition 2.7([13]) Let G(
θ∼) G′, f : λ(G)→ µ(G′). Then λ(θ,f∼ )µ if and only if f(λ(x)) =
µ(θ(x)).
Proposition 2.8([9]) Suppose λ(θ, f)µ : (i) If λ(x) < λ(y), then µ(θ(x)) ≤ µ(θ(y)), x, y ∈ G;
(ii) If µ(x
′
) < µ(y
′
), then λ(x) ≤ λ(y), x′ , y′ ∈ θ(G);x, y ∈ G; θ(x) = x′ , θ(y) = y′ .
Proposition 2.9([9]) (i) If λ and µ are I−homomorphic and λ has the sup-property, then
they are II-homomorphic.
(ii) If λ and µ are I−isomorphic, then they are II−isomorphic.
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Proposition 2.10([9]) Let λ and µ be ll−homomorphic. λ has the sup-property. Then λ and
µ are l−homomorphic iff they have a homomorphism η from G onto G′ such that η(λα) = µα.
Definition 2.11([5]) A set (G,+, ·) with two binary operations ′′+′′ and ′′·′′ is called a bi-group
if there exist two proper subsets G1 and G2 of G such that
(i) G = G1 ∪G2;
(ii) (G1,+) is a group;
(iii) (G2, ·) is a group.
Definition 2.12([6]) Let (G,+, ·) and (H,⊕, ◦) be any two bigroups where G = G1 ∪G2, and
H = H1 ∪H2, G1, G2, are fuzzy subgroups of G, H = H1, H2 are fuzzy subgroups of H. The
map f : G→ H is said to be a bigroup homomorphism if f restricted to G1 (i.e.f \G1) is a group
homomorphism from G1 to H1 and f restricted to G2(i.e.f \G2) is a group homomorphism from
G2 to H2.
Definition 2.13([1]) Let (G,+, ·) be a bi-group . Let (G1,+) , (G2, ·) be the constituting groups
of G. Define γG1 : G→ [0, 1] as
γG1(x) =

α > 0 if x ∈ G1 ∩G,
0 if x 6∈ G1 ∩G
We call γG1 a G1 restricted fuzzy subgroup of G if it satisfies the conditions of Rosenfeld [8]
fuzzy subgroup. Similarly we define γG2 : G→ [0, 1] as
γG2(x) =

β > 0 if x ∈ G2 ∩G,
0 if x 6∈ G2 ∩G
which we also call γG2 a G2 restricted fuzzy subgroup of G under the same situation. Then,
γ : G→ [0, 1] where γ = γG1 ∪ γG2 is a fuzzy bigroup of G.
§3. Main Results
Definition 3.1 Let (G,+, ·) and (H,⊕, ◦) be bigroups. Let γG = γG1 ∪γG2 and ρH = ρH1 ∪ρH2
be separate fuzzy sub bigroup of G and H respectively. If θ : G→ H is a bigroup homomorphism
then the mapping φ : γG → ρH is said to be weakly fuzzy homomorphic if for any x, y,∈
G, φ(γG(xy)) = ρH(θ(x)θ(y)). It is denoted as γG(
θ, φ∼ )ρH .
Theorem 3.2 Let γG(
θ, φ∼ )ρH where θ : G → H is a bigroup homomorphism, then φ | G1 :
γG1 → ρH1 and φ | G2 : γG2 → ρH2 are both restricted weakly fuzzy group homomorphisms.
Proof Suppose that γG(
θ, φ∼ )ρH where θ : G→ H and φ : γG → ρH , then
∀x, y,∈ G, φ(γG(xy)) = ρH(θ(x)θ(y))
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which implies that
φ(γG1 ∪ γG2)(xy)) = (ρH1 ∪ ρH2)(θ(x)θ(y)).
If x, y ∈ G1 ∩Gc2, then
φ(γG1 ∪ γG2)(xy)) = φ(γG1(xy)) = ρH1((θ(x)θ(y))
which shows that φ | G1 is a weakly restricted fuzzy homomorphism from γG1 → ρH1 .
Similarly, if x, y ∈ Gc1 ∩G2, then
φ(γG1 ∪ γG2)(xy)) = φ(γG2(xy)) = ρH2((θ(x)θ(y))
which also shows that φ | G2 is a weakly restricted fuzzy homomorphism from γG2 → ρH2 . 
Theorem 3.3 Suppose that φ | G1 : γG1 → ρH1 and φ | G2 : γG2 → ρH2 are both restricted
weakly fuzzy group homomorphisms and let θ : G → H be a bigroup homomorphism then
φ : γG → ρH is a weakly fuzzy bigroup homomorphism if G1 and G2 are distinct subgroups of
the bigroup G.
Proof The theorem is a converse of theorem 3.2. Suppose that φ | G1 : γG1 → ρH1 is a
restricted weakly fuzzy group homomorphism then, for ∀ x, y ∈ G1
φ(γG(xy)) = φ(γG1 ∪ γG2)(xy)) = φ(γG1(xy)) = ρH1(θ(xy)) = ρH1(θ(x)θ(y)) = ρH1(θ(x)θ(y)).
Since G1 and G2 are distinct fuzzy subgroup,
x, y 6∈ G2 ⇒ φ(γG2(xy)) = φ(0) = ρH2θ(0) = ρH2((θ(0)θ(0)).
Similarly, for ∀ x, y ∈ G2,
φ(γG(xy)) = φ(γG1 ∪ γG2)(xy)) = φ(γG2(xy)) = ρH2((θ(x)θ(y)) = ρH2((θ(x)θ(y))
and the result follows accordingly. 
Theorem 3.4 Let G
θ∼ H, and φ : γG −→ ρH be a bigroup homomorphism, then γG(θ,φ∼ )ρH if
φγG(x) = ρHθ(x).
Proof Suppose that φγG(x) = ρHφ(x), then φγG1(x) = ρH1θ(x) and φγG2(x) = ρH2θ(x).
Since, θ : G→ H is a bigroup homomorphism, then,
φγG1(xy) = ρH1θ(xy) = ρH1(θ(x)θ(y)), φγG2(xy) = ρH2θ(xy) = ρH2(θ(x)θ(y)).
Hence,
φγG(xy) = φ(γG1∪G2(xy)) = max{φ(γG1(xy)), φ(γG2 (xy))}
= max{ρH1(θ(xy), ρH2 (θ(xy)} = max{ρH1(θ(xy), ρH2 (θ(xy)}
= max{ρH1(θ(x)θ(y), ρH2 (θ(x)θ(y), } = ρH1∪H2(θ(x)θ(y)) = ρH(θ(x)θ(y)).
Hence, the proof. 
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Definition 3.5 Let θ be a bigroup homomorphism (isomorphism) from G onto H, let γG and
ρH fuzzy bigroups of G and H respectively. If θγG = ρH , then we say that γG and ρH are
I−homomorphic (isomorphic).
Definition 3.6 Let γG, ρH fuzzy bigroups of the bigroups G and H respectively. If for any α ∈
[0, 1], (γG)α ∼ (ρH)α
(
(γG)α ∼= (ρH)α
)
, then we say γG and ρH are II-homomorphic(isomorphic).
Definition 3.7 Let (G,+, ·) and (H,⊕, ◦) be bigroups with G1, G2, and H1, H2, as consti-
tuting subgroups respectively, and θ an homomorphism from G to H. Let γG = γG1 ∪ γG2
and ρH = ρH1 ∪ ρH2 be fuzzy bigroups of the bigroups G and H respectively. If φ : γG → ρH
is such that φ(γG1(x)) = ρH1(θ(x)) and φ(γG2(x)) = ρH2(θ(x)), then γG and ρH are said to
be III−homomorphic. If θ is an isomorphism and φ is a monomorphism we call γG and ρH
III−isomorphic.
Definition 3.8 Let γG and ρH fuzzy bigroups of the bigroups G and H respectively. Then γG
and ρH are said to be IV−homomorphic (isomorphic) if:
(1) for any [γG]α, α ∈ [0, 1], there exists at least one [ρH ]β such that [γG]α ∼ [ρH ]β(
[γG]α ∼= [ρH ]β
)
, and for any [γG]η ⊇ [γG]δ, there is a [ρH ]λ ⊇ [ρH ]µ such that [γG]η ∼
[ρH ]λ
(
[γG]δ ∼= ρH ]µ
)
.β, η, δ, λ, µ ∈ [0, 1].
(2) for any [ρH ]β, β ∈ [0, 1], there exists at least one [γG]α, such that [γG]η ∼ [ρH ]β(
[γG]η ∼= [ρH ]β
)
,and for any [ρH ]λ ⊇ [ρH ]µ, there is a [γG]η ⊇ [γG]δ such that [γG]η ∼
ρH ]µ
(
[γG]η ∼= [ρH ]µ
)
α, η, λ, µ, δ ∈ [0, 1].
Theorem 3.9 If γG and ρH are I-homomorphic and γG has the sup-property, then they are
II-homomorphic.
Proof Let θ : G = (G1 ∪G2)→ H = (H1 ∪H2) be bigroup homomorphism, then, θ | G1 :
G1 → H1 is such that θ(xy) = θ(x)θ(y) and θ | G2 : G2 → H2 is such that θ(xy) = θ(x)θ(y) for
all x, y ∈ G1, G2. Suppose that θγG = ρH , we have that θγG1 = ρH1 and θγG2 = ρH2 . Now for
any x ∈ [γG]α, we have that γG1(x) ≥ α and γG2(x) ≥ α. [since [γG]α ≤ G =⇒ [γG1 ]α ≤ G1
and [γG2 ]α ≤ G2]. ρH1
(
θ(x)
)
= sup[γG1(y)] ≥ γG1(x) ≥ α so that θ(x) ∈ [ρH1 ]α. By similar
argument, θ(x) ∈ [ρH2 ]α.
For ∀y ∈ [ρH ]α, since [γG] has the sup property, there must be an x in θ−1(y) such that
γG1(x) = ρH1(x) ≥ α. So x is in [γG1 ]α. Similarly, x is in [γG2 ]α. Hence if we let θα : [γG1 ]α −→
[ρH1 ]α and θα : [γG2 ]α −→ [ρH2 ]α such that θα(x) = θ(x), then [γG]α ∼ [ρH ]α. 
Theorem 3.10 Let γG and ρH be fuzzy bigroups of the bigroups G and H respectively such
that γG has the sup-property. Suppose that γG and ρH are II-homomorphic then they are I-
homomorphic if and only if they have a bigroup homomorphism θ from G onto H such that
θ[γG]α = [ρH ]α.
Proof Suppose that γG and ρH are II-homomorphic, it follows that [γG]◦ = [ρH ]◦ so that
G ∼ H . Let θ be a bigroup homomorphism from G onto H . If [γG] and [ρH ] are I homomorphic,
then [ρH ] = θ(γG). For any α ∈ [0, 1], if θ[γG]α 6= [ρH ]α, then there must be a z in [ρH ]α and
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[γG]α
⋂
θ−1(z) = φ. But [ρH ]α(z) = Sup[γG](x)=z(x) ≥ α. Since [γG]α has Sup-property, there
must be an x1 in θ−1(z) such that γG(x
1) ≥ α, so x1 ∈ [γG]α and hence [γG]α
⋂
θ−1(z) 6= φ.
Hence, we have a contradiction. Therefore, θ[γG]α = [ρH ]α.
If θ[γG] = ρH holds for any α ∈ [0, 1], we prove ρHθ(x) = sup
y∈θ−1θ(y)
(y). For any yo ∈ H ,
let αo = [ρH ](yo). We know that θ[γG] = ρH . Hence, ρHθ(x) = sup
y∈θ−1θ(y)
γG(y). If ρH(yo) <
sup
θ(x)=yo
γG(x), there must be an x
′ ∈ θ−1(yo) such that γG(x′) > ρH(y0) since γG has the
sup-property.
Let α′ = γG(x
′
). Then θ[γG]α = [ρH ]α. But yo ∈ [ρH ]α if x′ ∈ [γG]α . there is no y in ρH ,
such that θ(x
′
) = y. This is a contradiction. Hence, ρH(yo) = sup
θ(x)=yo
γG(x) which indicates
ρH = γG(x). Hence, the proof. 
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